ON THE GEOMETRY OF CLOSED G 2 -STRUCTURES 



RICHARD CLEYTON AND STEFAN IVANOV 

Abstract. We give an answer to a question posed recently by R.Bryant, namely we 
show that a compact 7-dimensional manifold equipped with a G2-structure with closed 
fundamental form is Einstein if and only if the Riemannian holonomy of the induced 
metric is contained in G2. This could be considered to be a G2 analogue of the Goldberg 
conjecture in almost Kahler geometry. The result was generalized by R.L.Bryant to closed 
G2-structures with too tightly pinched Ricci tensor. We extend it in another direction 
proving that a compact G2-manifold with closed fundamental form and divergence-free 
Weyl tensor is a G2-manifold with parallel fundamental form. We introduce a second 
symmetric Ricci-type tensor and show that Einstein conditions applied to the two Ricci 
tensors on a closed G2-structure again imply that the induced metric has holonomy group 
contained in G2. 
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1. Introduction 

A 7-dimensional Riemannian manifold is called a GVmanifold if its structure group 
reduces to the exceptional Lie group G2. The existence of a GVstructure is equivalent 
to the existence of a non-degenerate three-form on the manifold, sometimes called the 
fundamental form of the GVmanifold. From the purely topological point of view, a 7- 
dimensional paracompact manifold is a GVmanifold if and only if it is an oriented spin 
manifold |23j . 

In Fernandez and Gray divide G^-manifolds into 16 classes according to how the 
covariant derivative of the fundamental three-form behaves with respect to its decomposi- 
tion into G2 irreducible components (see also If the fundamental form is parallel with 
respect to the Levi-Civita connection then the Riemannian holonomy group is contained 
in G2, we will say that the Cr2-manifold or the (^-structure on the manifold is parallel. 
In this case the induced metric on the G2-manifold is Ricci-flat, a fact first observed by 
Bonan It was shown by Gray (see also EH]) that a GVmanifold is parallel 
precisely when the fundamental form is harmonic. The first examples of complete parallel 
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GVmanifolds were constructed by Bryant and Salamon Compact examples of par- 

allel G2-manifolds were obtained first by Joyce ^SJ ISHJ and recently by Kovalev |22j . 
Compact parallel GVmanifold will be refered to as Joyce spaces. Examples of ^-manifolds 
in other Fernandez- Gray classes may be found in ^01 IE]- A central point in our argument 
is that the Riemannian scalar curvature of a GVmanifold may be expressed in terms of 
the fundamental form and its derivatives and furthermore the scalar curvature carries a 
definite sign for certain classes of G^-manifolds 13]. 

The geometry of G^-structures has also attracted much attention from physicists. The 
central issue in physics is that connections with holonomy contained in G2 plays a role in 
string theory Q2 [21 E3 EEE| The (^-connections admitting three- form torsion have 
been of particular interest. 

In the present paper we are interested in the geometry of closed (^-structures i.e., 
(?2-manifolds with closed fundamental form (sometimes these spaces are called almost 
GVmanifolds or calibrated (^-manifolds). In the sense of the Fernandez- Gray classes, 
this is complementary to the physicists requirement of three-form torsion |12j . Compact 
examples of closed GVmanifolds were presented by Fernandez ^OJ- Supersymmetric string 
solutions on closed GVmanifolds were investigated in j^j, topological quantum field theory 
on closed (?2-manifolds were discussed in (21]. Robert Bryant shows in P] that if the 
scalar curvature of a closed (^-structure is non-negative then the GVmanifold is parallel. 
The question whether there are closed (?2-structure which are Einstein but not Ricci-flat 
then naturally arises. We investigate this question of Bryant in the compact and in the 
non-compact cases. 

In the first version of the present article |H] we answered negatively to the Bryant's 
question, namely, we proved that there are no closed Einstein G2- structures (other than 
the parallel ones) on compact 7-manifold. In p|] R.L.Bryant generalized this non-existence 
result for closed (^-structures on compact 7-manifold whose Ricci tensor is too tightly 
pinched. 

In the present article we obtain non-existence result involving third derivatives of the 
fundamental form. Namely, we prove the following 

Main Theorem. A compact G^-manifold with closed fundamental form and harmonic 
Weyl tensor (divergence-free Weyl tensor) is a Joyce space. 

The second Bianchi identity leads to 

Corollary 1.1. A compact G2-manifold with closed fundamental form and harmonic cur- 
vature (divergence- free curvature tensor) is a Joyce space. 

Corollary 1.2. A compact Einstein G2-manifold with closed fundamental form is a Joyce 
space. 

The latter may be considered to be a G2 analogue of the Goldberg conjecture in almost 
Kahler geometry (see e.g. jH]). 

The representation theory of G2 gives rise to a second symmetric Ricci type tensor on 
(?2-manifolds. Therefore one may consider two complementary Einstein equations. We find 
a connection between the two Ricci tensors and show in Theorem 15 .7\ with no compactness 
assumption, that if both Einstein conditions hold simultaneously on a GVmanifold with 
closed fundamental form then the fundamental form is parallel. 

Our main tool is the canonical connection of a (^-structure and its curvature. We will 
show that the Ricci tensor of the canonical connection is proportional to the Riemannian 
Ricci tensor. This leads to the corollary that a compact GVmanifold with closed funda- 
mental form which is Einstein with respect to the canonical connection is a Joyce space. 
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Our main technical tool is an integral formula which holds on any compact G 2 -manifold 
with closed fundamental form. We derive the Main Theorem as a consequence of a more 
general result .Theorem l7.H which shows that the vanishing of the A^-part of the divergence 
of the Weyl tensor implies that a closed (^-structure is parallel on a compact 7-manifold. 

Acknowledgements. The authors wish to thank Andrew Swann for useful discussions and 
remarks. This research was supported by the Danish Natural Science Research Council, 
Grant 51-00-0306. The authors are members of the EDGE, Research Training Network 
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for providing support and an excellent research environment. The research of S.I. is par- 
tially supported by Contract MM 809/1998 with the Ministry of Science and Education of 
Bulgaria, Contract 586/2002 with the University of Sofia "St. Kl. Ohridski". 

2. General properties of G 2 -structures 

We recall some notions of G2 geometry. Endow M 7 with its standard orientation and 
inner product. Let e%, . . . , ej be an oriented orthonormal basis which we identify with the 
dual basis via the inner product. Write ei x % 2 ...% v for the monomial A ei 2 A • • • A ej p . We 
shall omit the ^-sign understanding summation on any pair of equal indices. 

Consider the three-form ui on M 7 given by 

(2.1) w = ei24 + e 2 35 + e346 + e457 + e56i + e672 + e 7 i 3 . 

The subgroup of GL(7) fixing uj is the exceptional Lie group G2. It is a compact, connected, 
simply-connected, simple Lie subgroup of SO(7) of dimension 14 [2]. 
The Hodge star operator supplies the 4-form *uj given by 

(2.2) *LO = — 63567 — e4671 — 65712 — e6123 — 67234 — 61345 — e2456- 

We let the expressions 

1 

kJ — g^ij'fcCij'fc) 
1 

define the symbols u>ijk and u^i- We then obtain the following set of formulae 

^ipq^jpq — 60jj , 
^ipq^jkpq = / ^ijk: 

(2.3) Uijpidklp = —Uijkl + SikSjl — Su5jk, 

UijpqUJklpq = —Z^ijkl + 4(5ik5jl — SuSjk), 

^ijp^klmp = SikUjlm ~ ^jk^ilm + ^il^jmk ~ ^jl^imk + ^im^jkl ~ ^jm^ikl- 

Definition 2.1. A G2-structure on a 7-manifold M is a reduction of the structure group 
of the tangent bundle to the exceptional group G2. Equivalently, there exists a nowhere 
vanishing differential three-form u on M and local frames of the cotangent bundle with 
respect to which uj takes the form 1)2. 111 . The three-form u is called the fundamental form 
of the G 2 -manifold M Q]. 

We will say that the pair (M, uj) is a G2-manifold with G2-structure (determined by) uj. 
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Remark 2.2. Alternatively, a G 2 -structure can be described by the existence of a two-fold 
vector cross product P on the tangent spaces of M. 

The fundamental form of a G^-manifold determines a metric through gij = \oJikiuijki- 
This is refered to as the metric induced by oj. We write V 9 for the associated Levi-Civita 
connection, ||.|| 2 for the tensor norm with respect to g. In addition we will freely identify 
vectors and co-vectors via the induced metric g. 



Let (M, u) be a GVmanifold. The action of G2 on the tangent space induces an ac- 



tion of G2 on A k (M) splitting the exterior algebra into orthogonal subspaces, where A k 



corresponds to an ^-dimensional ^-irreducible subspace of A k : 

A 1 (M) = A 7 , A 2 (M) = A? A 2 4 , A 3 (M) = A? © A 3 7 © A| 7 , 

where 

Af = {a G A 2 (M)|*(qAw) = -2a}, 
A 2 4 = { Q g A 2 (M)|*(qAw) = a} 
Af = t g 
A 7 = {*(/?Aw)| /3 G A 1 (M)}, 
Af 7 = {76 A 3 (M)| 7 Aw = 0, 7 A *w = 0}. 

The Hodge star * gives an isometry between A^ and Aj~ k . 

More generally, A ^ will denote the G2 representation of highest weight (Ai, A2) of 
dimension d. Note that ^ = Af = Af is the trivial representation, A 7 = ^ is the 
standard representation of G2 on M 7 , and the adjoint representation is g 2 = 1) — ^14- 
Also note that V, 2 , 7 ^ = Af> 7 = A| 7 is isomorphic to the space of traceless symmetric tensors 



siv 7 onyj i0) . 



3. RlCCI TENSORS ON G2-MANIFOLD 

Let (M,u>) be a GVmanifold with fundamental form u. Let g be the associated Rie- 
mannian metric. 

Rx,y = [V 9 x,V 9 y]-V 9 [xx] 

is then the curvature tensor of the Levi-Civita connection V ff of the metric g. The Ricci 
tensor p is defined as usual as the contraction pij = R S ij s , where R s ij s are the components 

Rsijk • — 9(R(&si Cfc) 

of the curvature tensor with respect to an orthonormal basis ei, . . . , e-f. 
Definition 3.1. On (M,u) we may define a second symmetric tensor p* by 

(3-4) p* m := RijklLOijsLOklm- 

We will call the p* the -k-Ricci tensor of the G2-manifold. 

The two Ricci tensors have common trace in the following sense. Let s = tr g p = pa be 
the scalar curvature and let the trace of p* be denoted by s* = tr g p* = p^. 

Proposition 3.2. On a G2-manifold we have s* = —2s. 

Proof. Apply (|2.ri|l to the definition of s* and use skew-symmetry of *uj and the Bianchi 
identity to conclude that Rijki^ijki = 0. □ 
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Definition 3.3. We shall use the term -k-Einstein for GVmanifold (M, u) when the trace- 
less part of the *- Ricci tensor vanishes, i.e., when the equation 

p = jg 

holds. 

We define associated Ricci three-forms by 

Pijk ' — Rijlm^lmk ~i~ Rjklm^lmi ~\~ Rkilm^lmj i 
Pijk ■ — Pis^sjk ~\~ Pjs^ski ~i~ Pks^sij- 

In terms of the Ricci forms, the Weitzenbock formula for the fundamental form can be 
written as follows 

Proposition 3.4. On any G2-manifold the following formula holds 

(3.5) d5uj + 5dw = V 9 *V 9 uj + p + p*. 

□ 

4. Closed (^-structures 

Let (M 7 ,u) be a GVmanifold with closed fundamental form. The two-form 5uj then 
takes values in A 2 4 [3]. As a consequence we get 

Proposition 4.1. The following formulas are valid on a closed G2-structure: 

(4.6) 5u)ijLOijk = 0, 5LUi p Lo p jk + StUjpUjpki + 5u>k p uj p ij = 0. 

□ 

It is welhknown |T2] that a GVstructure is parallel if and only if it is closed and co- 
closed, duj = 5u> = 0. The two-form 5uj thus may be interpreted as the deviation of ui from 
a parallel GVstructure. We are going to find explicit formulae for the covariant derivatives 
of the fundamental form of a closed G2-structure in terms of 5uj and its derivatives. 

Definition 4.2. The canonical connection V of a closed GVstructure may be defined by 
the equation 

(4.7) g(V x Y, Z) = g(V 9 x Y, Z) - Uu(X, ei )u(e u Y, Z) 

b 

for vector fields X, Y, Z. 

Using (|4.fi|l it is easy to see that V is a metric (^-connection, i.e., it satisfies 

= 0, Vg = 0. 

The torsion T of V is determined by 

g(T(X,Y),Z) = %(Z, ei )u( ei ,X,Y). 
b 

On a compact G2-manifold the canonical connection may be characterized as the unique G2 
connection of minimal torsion with respect to the L 2 -norm on M. It may also be described 
by the fact that the difference V 9 — V takes values in Ay, the orthogonal complement of 
g 2 C A 2 with respect to the metric induced by g. 

Prom the properties of the canonical connection and 5uj one derives 
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Proposition 4.3. For a closed G2-structure the following relations hold: 

(4.8) V 9 itOjki = -5uJi p io P jki, 

(4.9) V g iLUjklm = — 2 {SUijUklm ~ ^ik^lmj + ^il^mjk ~ ^im^jkl) 

and 

1 2 1 

(4.10) V 9 *V 9 Ujki = - ||<M| UjM ~ t (Sui p SuijU pk i + 5u ip Su ik u p tj + 5u) ip 5u) U uj p jk) . 



□ 



Applying l|4.7p and 1)4.8(1 we get that the curvature R of the canonical connection V is 
related to the curvature of the Levi-Civita connection by: 

(4.11) 

1 11 

Rijki = Ri.jki + a \S7 9 i5u)j P - V 9 j5u;i P \ to p ki + -5uji S 5ujj P uj sp ki - — [5ujik5ujji - SuuSujk] 

5. Curvature of closed G 2 -structures 
Prom here on (M 7 ,u>) will be a GVmanifold with closed GVstructure. We have 
Proposition 5.1. The Ricci tensors of a closed G<i- structure (M,u>) are given by 



(5.12) pi m = --d5uj s j m u; s ji + -SuijSu m j; 



1 2 

(5.13) p lm = d6u s j m u s ji + Suij5u m j - - \\Su\\ 8 m i. 

Proof. The Ricci identities for u>, *u> together with (|4.8|l and l)4.9p lead to the following 
useful 

Lemma 5.2. If uj is a closed G2-structure on M 7 then 



1 1 

(5.14) p sr LO r kl + —Rskir^lir ~ —Rslir^ki 



- (d5LU s j p + V 9 s 5iOj p ) LO p jkl + -5Ld p j5Ld s jiOklp- 



(5.15) Rsijr^rklm Rsikr^jrlm Rsilr^jkrm Rsimr^jklr — 

^ [(V 9 i5uJsj - V 9 s 5uJij) UJklm ~ (V 9 i5uJ s k - V 9 s 5Uik) LOlraj] 
+ ^ [{^ § i^sl ~ ^ 9 sSuJ i l)uj rnjk - {V 9 i5u} sm - V 9 s 5u) im ) UJ jk l\ 
— T [(SUijSUgp — 5uJ s j5uJi p ) LOpklm ~ (5uJik5uJ sp — 5uJ s k5uJi p ) UJplmj] 

~ ^ [(SiiJuSu sp — 5u) s i5tOi P ) Lo pm jk — (5uJi m 5uj sp — 5uj sm SuJi P ) uj p jki] 

□ 

Using (|4,7p we get 

(5.16) V 9 kSLJi s UJi sm = Vk5iOi s 

^ism ~i~ "^^^kr^^rq^siq^ism — fi^kr^^mr > 

since V5lu € Af 4 . If we multiply (|5.14|1 by uj m ki and use the Bianchi identity as well 
as (|5~16|l we obtain l)5~T2"(l . 
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Multiplying (|5.15|1 by UJ m ij, and again using the Bianchi identity (alternatively: multi- 
ply gin} by ujkim), we get 

(5.17) RgUrUJkir = (V 9 s 5uj ik - V 9 i5uj sk ) + - (5uJijSuj S p - 5uj S j5uji P ) tOj pk . 

From (|5 . 1 7|l we get that 

(5.18) p hm = R s ii r uj k i r LO s i m 

= d5uj s i k u) s i m — V 9 k 5u>i s L0 s i m + —5uJij5u} S pU}jp k ui s i m ,. 

The second term is calculated in l|5.16j) . The last term is manipulated using l|4.6j) and (|2 - 3|) : 

(5.19) 5u!ij5(jj S pU}jp k (jj S i m = (—5u! p jLUj k i — 5u) k jLOji P ) 5u) S pLo S i m 

= 5iO S p {5u)jpLO k ijtd s i m + duJjkLOjipUJsira) 

— SiU S p5iOjp ( ^kjsm 0~ksO~jm 0~kmO~js) 

+ 5uj S p5ujj k ( UJjpsm ~i~ 0~jsO~pm $jm$ps) 
1 1 2 

= - \\0UJ\\ 5 km + iOUJjmSoJjk, 

again, since 5oj G Af 4 . Substituting l|5.19j) and (|5.16f) into 1|5.18|) we obtain (|5.13|) . □ 
The equality 1|5.16|) leads to 

(5.20) d5u> sj m u sjm = 3 ||5w|| 2 . 

Taking the trace in (|5.12|1 and using (|5.20p . we get the formula for the scalar curvature of 
a closed (^-structure discovered recently by Bryant in PJ 

Corollary 5.3. The scalar curvature of a closed Gi- structure is non-positive while the 
•k-scalar curvature is non-negative. These functions are given by 

(5.21) s = -^\\5lo\\ 2 , s* = ^\\5co\\ 2 . 

In view of l|5.21j) . the trace-free part of the Ricci tensor p° has the expression 

(5.22) P° = P+^\\8vfg. 

Definition 5.4. The canonical connection gives us a third Ricci tensor which we denote 
by p: 

Pij — Rsij-S' 

Corollary 5.5. On a 7 -manifold with closed G2-structure the Ricci tensor of the canonical 
connection is related to the Riemannian Ricci tensor through the following formula 

2 

P=- 3 P- 



Proof. Taking the trace of (|4.11|1 we get 

1 1 

Pu = Pa ~ j^d5uj p jiUJpji + -5oj is 5uJi s . 

This equality and 1|5.12|) completes the proof. □ 
Furthermore, we have 
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Proposition 5.6. The Ricci three-forms of a closed G2-structure are given by 

1 2 1 

(5.23) pjik = ||<MI Ujik - dSujik - - (5tL>iiSujpiLL) p j k + 5u) ki 5ujpiU) p ij + 5ujji5u) pi ujp k i) 

(5.24) p* ik = 2d5u sik + - (5u)ij5u)pjiOp sk + 5uj k j5uj p jUJpi S + 8oj S j8u) p jUJ pk i) . 

Proof. Substitute gUTjj) and into the Weitzenbock formula |jH2) to get (J5~23)l . The 

cyclic sum in the equality 1)5.17(1 gives 1)5.24(1 . □ 

Theorem 5.7. Let (M 7 ,lu) be a G2-manifold with closed fundamental form. If (M,ll>) is 
Einstein and *-Einstein then M is parallel. 

Proof. Let (M, u) be a G2 manifold with closed G2 structure u. Suppose that both the 
Einstein and ^-Einstein equations are satisfied. Proposition 15. II in this case yields 

(5.25) 5uJij5ujpj = - \\5uj\\ 2 S ip , d5uj ijk ujij m = - \\5uj\\ 2 S km . 
Taking into account 1)5.25)1 and the equalities 1)4, 10p . 1)5.23(1 . we obtain 

Pijk = 2d5iv ijk - — \\5uj\\ 2 uj ijk , 

(5.26) V 9 *V 9 u ijk = ^\\Su\\ 2 u Hjk , 

3 11 a 11 2 
Pijk — — lr w ll U ijk- 

In view of 1)5.26(1 . the Weitzenbock formula 1)3.5)1 gives 

1 2 

(5.27) d5u> = — \\5uj\\ w. 

14 11 

Bryant shows in jH] that on an Einstein manifold with closed (^-structure the Agy-part 
of d5u> is given by the A^-part of *(5u> A 5u>). Comparing with 1)5.27(1 . we see that the 
Aj^-part of *(5u> A 8u) vanishes. We need the following algebraic 

Lemma 5.8. Let a be a two-form in Af 4 . Then the A^j-part of *{a A a) vanishes if and 
only if a = 0. 

Proof. First note that if a is a two-form in A\ A then a ® a G S 2 A\ A C S 2 (A 2 ). The space 
of symmetric tensors on A\ A decomposes as follows 

S 2 A\ A = V^ )2 ) + ^(0,2) + ^(0,0) ■ 

Recall that the map S 2 A 2 — » A 4 given by/3V7i-^/3A7is surjective and equivariant. By 
Schurs Lemma we may conclude that a A a € A 4 7 A 4 if a € Af 4 . 

Now suppose (aAa) A 4 ? = 0. We may then conclude that a A a = c*u; for some constant 

c. However, as a is a two-form on an odd-dimensional space it is degenerate. Let X € R 
be a non-zero vector such that X _>a = 0. Then 

cX j *lu = X j (a A a) = 2(X ja)Aa = 0. 

But the left hand side vanishes only if c = 0. 

This shows that a (g> a G V(o2) whenever a 6 A\ A satisfies (a A ct)^ = 0. But V7J 2 ) is 
precisely the space in which the Ricci-flat Riemannian curvature of parallel GVmanifolds 
takes values, whence ||a|| = 0. □ 

Now, Lemma l5~%l implies 5u> = 0, whence V 9 uj = 0. □ 
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Remark 5.9. R.L.Bryant observe that the following identity holds 

(5.28) \\a A a|| 2 = 6||a|| 4 , a € A 2 4 . 

Clearly 1)5. 28 j) implies the lemma. Note that the constants have been changed to fit our 
conventions. 

6. An integral formula on closed G 2 manifold 

Our main technical tool to handle the closed (^-structure on a compact manifold is the 
next 

Proposition 6.1. Let (M,u,g) be a compact G2-manifold with closed fundamental form. 
Then the following integral formula holds: 

(6.29) jJv2A " 5u; " 4 + y'^ " 2 ~ i%Ppi SuJ bl5ubp - -(5R) bM uj jkl 5uj bj ^ dV = 
Proof. The first Pontrjagin form Pi(V) of a connection V may be defined by 

Pl(V) := Y^RijabRklabGi A ej A e k A ej. 

The first Pontrjagin class of TM which is the de Rham cohomology class whose represen- 
tative element is the first Pontrjagin form of a some affine connection on M is independent 
of the connection on M. This implies that (pi(V 9 ) — Pi(V)j is an exact 4-form. Since 
the fundamental form u is closed, the wedge product (pi(V 9 ) — pi(V)) Aw is exact. From 
Stoke's theorem we obtain 

(6.30) I {pi(V 9 ) - Pl (V)) Aw = 0. 

J M 

However, we may also express the integrand in terms of the curvatures of V s and V 
using that 

16-7T PliV g ) Aid = RijabRklab^ijkl = Rabij Rklab^ijkh 

and 

167T 2 pi(V) AuJ = RijabRklab^ijkl- 

From this point on the proof is essentially a brute force calculation reducing the difference 
of these two expressions to the form lt6~29ll . 
Since V is a (^-connection we get 

(6-31) Rabij^ijkl = ZRabkl- 

Using (gjU, (ESI and (EHI]) we calculate 

2 

(6.32) 16-7T pi{V 9 ) A u = 2R Mab R abkl - -{d5uj abp - V s ' P 5uj ab )uj p kiRkiab 

- —5uJ a i5uJ b jLilijklRklab + -^ak^blRklab- 

18 9 
Applying (ITTlTl to lt6~32l) and using (|2.3|) we obtain after some calculations that 

(6.33) 16vr 2 pi(V 9 ) Au = 

/ 2 1 ~ 

ZRklabRabkl + {do~U) abp — V 9 p 5oJ ab )LO p kiy- -Rklab + T^Rklab 

/5 2~\ / 8 1 ~ 

+ 5u>ai.5uJ b jUJijkiy — — Rklab + gRklabJ + 0~U ak 5u) b i y-Rklab ~ ^Rklab) ■ 
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To calculate the pi(V) term of the integrand we first observe that (|4. 1 lj) implies 

(6.34) Rijki = Rkiij + ^{dSuJkip - V 9 p 5uj k i)uj p ij 

— - [d5ujij p — V 9 p5uJij)uj p ki + -5uJks5uJi p uj sp ij — -5uji S duj P u> sp j.i. 
o y y 

Taking into account 1)6.31(1 . 1)6.34(1 and (|2.Hjl . we calculate 

2 

(6.35) 167r 2 pi(V) A lo = 2R k iabRabki - ^(dSu abp - V g p 5uJ ab )uJ p klRklab 

4 8 

- ^0J a i5uJbjUJijklRklab + gSuJ a kOLOblRklab- 

Subtracting 1)6.35(1 from 1)6.33(1 we get 

(6.36) 16tt 2 ( Pi (V 9 ) -pi(V)) Aw = A + B + C, 
where A,B,C are given by 

(6-37) A = (d5LO abp - V 5 ' p SuJ ab )uJ p kl(^Rklab ~ {Rklab ~ Rkla 

/ 7 2 , 

(6-38) B = 5id aidiOhjLOijkiy — Rklab — -^{Rklab ~ Rklab 

(6.39) C = 5u) a k5Ubl -Rklab + (Rklab - Rklab 

We shall calculate each term in 1)6.36(1 . 

First observe that 1)5.28(1 implies the useful identity 

(6.40) 45uj ai 5uj b i5uj a j5u; bj = \\5uj\\ a . 

Taking into account (SH , JSHZl, (E32), (JEHSJ, JSUHl, fi>3ty and ((6~4T)|l we obtain after 
some calculation that 

(6.41) A = -ijL |j^|| 4 + 1 \\d5uj abp - V 9 p Su ab f - !j||p°|| 2 + ^p° sp Su st duj pt 

— - (d8uj abp — V 9 p 5uJ ab )uJij p 5uJaiSuJ b j — -(d5iO abp — V s ' p 8u! ab )LO p klUJ srnab 8uJks^lm,- 

Let X s = R a k b iu) sa kSuj b i, Y s = 5uj b i5uJu5uj bp uJi ps . Using the first and second Bianchi 
identity as well as 1)5. 17(1 . we get 

(6.42) RklabSuJak^bl = ^Rakblbu a k5uJ b l 

= --^RakbN 9 s^>sak^bl 

= -SX + -R a kUUJ sa kV 9 s 5uj b i 

1 1 2 1 2 1 

= -5X + -\\d5uj\\ - -\\S/ 9 5uj\\ + -V 9 gSuuSuiiSubpUips 

1 1 1 9 1 9 

= -SX - -5Y + - \\d5uj\\ 2 - - ||V 9 cMI 

2 4 6 2 

- -||<M| 4 + -rd5uj S ii5uj b i5uj bp uJi ps . 

o 4 



Applying (ETHl to |Q2(l . we obtain 

1 1 1 9 1 9 1 

-<5X - -<5y + - U5uj\\ 2 - - \\V 9 5uj\\ 2 + - 

2 4 6 11 " 2 " 11 28 



2 2 4 

(6.43) Rkiab$Uak$Ubl = t;SX - -8Y + - \\ddu\\ --\\V 9 5uj\\ + — \\Su}\\ - p sp 5uj st Suj pt . 
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Remark 6.2. Notice that 1|6.43|) is the Weitzenbock formula 

SdSu = V 9 *V 9 8u - ^ \\5u\\ 2 5uj + p°(8u, .) + p°(., Su) + R(8u) 
for the 2-form 8u) on a closed GVstructure. 
Using (EH) , and ijO^l we get that 

(644) C _ -Y)~ ll^ll 4 " £ ll^f + 5 IIV'^II 2 

1 1 

Now we calculate B. Denote Z a = Rkiab^jki^bj- Using 1)4 . 8 j) and 1)5.17)1 we have the 
following sequence of equalities 

(6.45) -^Rklab^ai^ijkl^bj = Rklab^ 9 a^jkl^bj 

= —5Z + (5R)bklU>jkl8uJbj — Rklab^jkN 9 a^bj 

1 2 1 2 

= -8Z + (5R) bk iw jk i6u b j - - \\dSu\\ - - \\V 9 8u\\ 

+ -(d5uJabj - V 9 'jSUabjUsijSUasSwu 



Applying 1)4. 11)) . we get 

(6.46) - - {Rklab - Rklab)5uJ a i5uJbjUijkl 



- - {ddujkis - V 9 s 8ujki)u) sa bUJijki5uj a iduj b j 

- ■^8uJk s 8uJi rn 8uj a i8uj b jUj srna bUJijki- 

Denote V k = 0J ma b8uJi m 8uJbj8uj a iUJijki- Using 1)4.8)1 . we obtain 
1 

(6.47) -8uksU> smab 8uji m 8u>ai8uJbjUJijki = V s \oj ma t,8ui m 8u a i8u)bjUijM 

3 

= —8V - - (d8u klm - V s ' m 8uJkl)VmabVijkl8uJai8u) b j. 

Get together (fOHjl . and 1)07)1 we obtain 

(6.48) B = ~S(21Z - AV) + - ^ ||^|| 2 - L \\V 9 8u\\ 2 

+ -((Mt^/m — ^ 9 m8uJkl)^mab^ijkl8uJai8uJbj 

7 

+ — (d8uj a bj - V 9 'j8u ab )u s ij8u as 8ujbi. 
Collecting terms from l)6.4ip . 1)6.44)) and (|6.48|l we obtain the following expression 

(6.49) 16vr 2 ( Pl (V 9 ) - Pl (V)) Aw = * (-^* + j-Y - 7 -Z + 

139 l|^||4_ _L ||d5 w f_8|| p 0||2 



18.56" " 27" " 3' 
7 1 13 

+ Q^R)bki^jki8uJbj + j{d8uj k is - V 9 ' s 8u k i)u sab 8u ak 8u}bi + —p° pl 8uJbi8tObp- 
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We express the last two terms in a more tractable form. Applying l|4.6|) we have 

dScOabpSUaidiObjLUpij = — d5id a b p duJai(SL0 p jUJibj + 5uJijLOb p j) 

= —d5u! ap b5(jJaiSuJbjUJipj — d8u a bp6ui a i5UijUJbpj , 

whence 

(6.50) dSUabpSUaiSUbjUpij = -d5u abp iOb p j5uJai5ujji = -2p a j5uJai5uJji + -||<kj|| 4 , 

where we used l|6.4()|l and (|5.12jl . 

The next equalities are a consequence of lj5.12|) . I|5.28|l and (|5.16p 

(6.51) V 9 s 5u) k iu) sab 5u) ak 5ujbi = 5Y + ^||<M| 4 ~ {d5u) sak - V 9 ' a 5u) ks )io sab 5u) k i5ujbi 

= 5Y + &p kh 5u) kl 5u) bl . 

Substitute (|6,5()|) . (|6 . 5 1 f) into l|6.49|l . use 1|5.12|) and integrate over the compact M to get 

7 \ 
-(5R)bki^jkiSujbjj dV = 0. 

We calculate from (|5.23p that 

(6.53) \\d5u\\ 2 = ^IIMI 4 + 12||p°|| 2 - I2p pl 5ujbi5uj bp . 

Substitute (|ol)5|) into ifHTK^I to obtain I^T^ . □ 

Corollary 6.3. (Integral Weitzenbock formula.,) On a compact Gi manifold with 
closed fundamental form we have 

Rakbi$u ak 5uj b i dV = (-!- \\d5uj\\ 2 - j|V 9 <5u;|| 2 - 2p sp 5uj s tSuj p t) dV. 

M JM ' 

Proof. The first Bianchi identity implies R ak bi5uj ak 5iObi = 2R k i a b5cu ak 5u)bi- Apply (|5.22p to 
l|6.43p multiply by two and integrate the obtained equality over the compact manifold to 
get the result. □ 

7. Proof of the Main Theorem 

We consider the co-differential of the Weyl tensor, 5W as an element of T*M ® A 2 (T*M). 
According to the splitting of the space of two forms, 5W splits as follows 

5W = 5W^®5W?, 

where 5Wf 4 is a section of T*M ig) Af 4 (T*M) = R 7 <g) g 2 while 5W$ is a section of T*M <g> 
Af(T*M). 

The Main Theorem is a consequence of the following general 

Theorem 7.1. Let (M,uj,g) be a compact G2-manifold with closed fundamental form uj. 
Suppose that the A 2 -part of the co- differential of the Weyl tensor vanishes, 5W = SW^. 
Then (M,iv,g) is a Joyce space 

Proof. On a 7-dimensional Riemannian manifold the Weyl tensor is expressed in terms of 
the normalized Ricci tensor h = — | (p — ^g) as follows 

Wijki = Rfj k i — hikQjl + hj k gu — hjig ik + hugj k . 
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The second Bianchi identity implies 

(7.54) V 9 iPjk - V 9 jPik = {SR)kij, ds t = 2V 9 jPji , (SW) kij = -4(V^ fc - V 9 jh ik 
The condition of the theorem reads 

4 / \ 2 

= (SW) k ijUiji = -(y g iPj k - V ,/>,!.■ j^. ji - —dsiUJiM. 

Consequently, 

(7.55) ^(8R)kijUijl8wkl = {y 9 iPjk ~ 'V 9 iPik)u i ji8uj k i = 0, 
since Su 6 Af 4 . 

To apply effectively our integral formula 1|6.29|) we have to evaluate one more term. 
Denote K{ = Uyipj k du k i. The equation 1|7.55|) together with (|5.12p leads to the equality 

SK = --pjkSujjiSuJki - 2\\p\\ 2 
which implies, by an integration over the compact M, that 

(7.56) / pj k 5u!ji5uj k i dV = -A \ \\p\f dV. 

Jm Jm 

The equalities (T7~55|l . lT7~56ll . lj5~22l and (j6~29ll yield 

M (i|WI 4 + i>T)^o. 

Hence, Theorem 17 . 1 1 follows . □ 

Clearly, our Main Theorem follows from Theorem 17. 11 □ 
Corollary 15.51 and the main theorem lead to 

Theorem 7.2. Any compact 7 ' -manifold with closed G2-structure which is Einstein with 
respect to the canonical connection is a Joyce space. 
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